QUENCHED LARGE DEVIATIONS FOR 
MULTIDIMENSIONAL RANDOM WALK IN RANDOM 
ENVIRONMENT WITH HOLDING TIMES 
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Abstract. We consider a random walk in random environment with random 
holding times, that is, the random walk jumping to one of its nearest neighbors 
with some transition probability after a random holding time. Both the transition 
probabilities and the laws of the holding times are randomly distributed over 
the integer lattice. Our main result is quenched large deviation principles for 
the position of the random walk. The rate function is given by the Legendre 
transform of so-called Lyapunov exponents for the Laplace transform of the first 
passage time. By using this representation, we derive some asymptotics of the 
rate function in some special cases. 



1. Introduction 

In this paper, we study large deviations for random walk in random environment 
with random holding times. The same problem has been studied by Dembo, Gan- 
tert, and Zeitouni [3] in one-dimensional case. They assumed that the transition 
probabilities are uniform elliptic and holding times bounded away from zero but 
otherwise only quite general ergodicity and integrability conditions. We consider 
the multidimensional case with rather restrictive independence assumptions: the 
transition probability and holding times are i.i.d. and mutually independent. On 
the other hand, we need a weaker ellipticity assumption and also do not assume 
holding times bounded below. 

We now describe the setting in more detail. Denote by V\ the space of proba- 
bility measures on the set {e £ Z d ; |e| = 1} of the canonical unit vectors of M. d . 
Let Q := Vf d be the space equipped with the canonical product cr-field Q and an 
i.i.d. probability measure P. Then, for an environment uj = (uj(x, -)) X (zid £ Q and 
z £ Z d , the random walk in random environment (RWRE for short) is the Markov 
chain (X = (X n )™ =0 , (P^) x &z d ) on % d defined as follows: P£(X = x) = 1 and 

P*{X n+1 = x + e\X n = x) = u(x, e) 
for all x £ Z d , n £ N and e £ Z d with |e| = 1. 
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Let P 2 be the space of Borel probability measures on (0, oo). We consider the space 
£ := V2 endowed with the canonical a-field S and an i.i.d. probability measure P. 
Denote an element of £ by a = (cr x ) xeZ d, and let r = (r n (x)) neNa j2 , gZ d G (0, oo) N ° xZd 
be independent random variables with a x being the law of r n (x) for each n G No- We 
call (T n (x)) neNo xe z d holding times and denote by P^ T their law, that is, cr x (ds) = 

P? T ( Tl (x)eds). 

For a random walk path X and holding times r, we define the corresponding 
continuous-time random walk path (Z t )t>o as follows: 

^A, t>J2™ =0 r m (X n 

where Ylm=o T m{X m ) := if n = and A is the graveyard for (Z t ) t > . This process 
(Z t ) t >Q is called random walk in random environment with holding times (RWREHT 
for short). Let P* a := P* (g) P^ T and denote the expectations with respect to 

P, P*, P, P^ T and P* )<7 by E, ££, E, and respectively. Throughout this 
paper, we make the following assumptions. 

Assumption 1.1 (1) logmin| e | = i w(0, e) G L d (P) and f™8<r (ds) G L d (P), 
(2) G conv^supp^law(^| e | = iw(0,e)e)jj. 

By the first assumption and Jensen's inequality, we have 



POO 

0x,a(z) := - log / e~ Xs a z (ds) G L 
Jo 



for each A > and z G Z d . The second assumption is called nestling property and 
will be used only in the proof of the large deviation lower bound. 

We prove a large deviation principle for the law of scaled position Z t /t of RWREHT 
following the same strategy as in [9]. We introduce H z (y) := inf{t > 0; Z t = y} as 
the first passage time through y for the path (Z t )t>o and study the asymptotics of the 
cumulant generating function as y — > 00 first. Define for any A > 0, u E Q, cr G S 
and x, y G Z d , 

e x (x,y,u,a) := E* t<r [exp{-XH z (y)}l {H z [y)<oo} ] , 

ax(x,y,w,a) := - loge A (x, y, u, a), 

d x (x, y, u, a) := max{a A (x, y, u, a), a x (y, x, u, cr)}. 

Theorem 1.2 For each A > 0, there exists a nonrandom function a x : M. d — > [0, 00) 
such that for all x G Z d , 

lim — a x (0, nx, u, a) = lim — E <g> E[a A (0, nx, u, a)] 

/j -q n->oo 77, n-voo n 

= inf — E O E[a A (0, nx, a;, a)] = a A (x) 

n>l 77, 
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holds P (8) P-a.s. and in L X (P £g> P). Moreover a A has the following properties: for 
any q > and i,t/6 ~R d , 

a x (qx) = qa x (x), 

a x (x + y) < a x {x) + a x (y), 

and 

|z|(-logE[exp{-0 Aj<r (O)}]) <a x (x) < \x\ (maxE[- logw(0, e)] + E[0 A)(T (O)]) . 

\|e| = l / 

Furthermore, a A (x) is concave increasing in A > and convex in x G M. d . In 
particular, it is jointly continuous in A > and x G M. d . 

Theorem 1.3 The following holds P <g> P-a.s. and in L X (P (g) P): for all A > and 

all sequences (i n )^° =1 of M d with \x n \ — >■ oo, 

nN ,. °a(0, [x„],w,«7) - a A (»n) _ 
(1.2) hm = 0, 



n— >-oo 



where [x n ] denotes a point in Z d that is closest to x n in ^-distance. 

The following theorem is our main result. 

Theorem 1.4 The law of Z t /t obeys the following large deviation principle with 
rate function 

I(x) := sup(a A (x) — A) : 

A>0 

• Upper bound: for any closed subset A C M. d , we have P ® P-a.s., 
(1.3) limsup-logP° (T (Zt G tA) < — inf I(x). 

t^oo t ' x£A 



• Lower bound: for any open subset B C M. d , we have P <8> P-a.s., 
(1.4) liminf-logP° CT (Z( G tB) > — inf I(x). 

i— >oo t ' x£B 

1.1. Comments on the proof. We basically follow the strategy taken in [91 [TO] . 
The second reference [10] is the first paper studying large deviations for multidimen- 
sional RWRE, where nestling walks in i.i.d. random environment are considered. Af- 
ter that, several generalizations were discussed by different methods: Varadhan [8] 
generalized Zerner's result to general ergodic environments and also obtained large 
deviations under the so-called annealed measure; Rassoul-Agha and Seppalainen [6] 
obtained process level large deviations. Although our method requires rather restric- 
tive independence assumptions and only proves level-1 large deviation principle, it 
has an advantage of giving a relatively simple representation of the rate function. 
This for instance allows us to determine the asymptotics of the rate function as 
x — > oo and x — > in some special cases, see Section [61 
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Next, we explain the outline of our proof of the large deviation principle. To prove 
a large deviation for random walk in random environment, it is standard to consider 
the Laplace transform of H z (y). Indeed, the large deviation upper bound is almost 
immediate from Theorem 11.31 since for a compact set K C M. d , 

P°jZ t £ tK) < #{tK H Z d ) max P^ a (H Z (y) < t) 

y&Kr\Z d 

<#(tA'nZ a! ) max e" A *e A (0, y, u, a) 
= max exp{— t(a\(y/t) — A) + o(t)}. 

y£tKr\Z d 

In order to extend this to general closed sets, we have to check the so-called expo- 
nential tightness but it is not hard (see page [in]). The proof of Theorem 11.31 itself is 
based on the fact that our e\ is the survival probability for a crossing RWRE with 
random potential, see (12. ip . Given this interpretation, one can prove Theorem 11.31 
by a similar way to those in [§1 [TQ] . 

The proof of lower bound is a bit more complicated. The key to the proof is that 
where ot\(y) is differentiable in A, we have 

(tl z (ty)/t £ J^a(2/)(1 - 6, 1)) > exp {-t(a x (y) - A) + o(t)} 

for any e > 0, where H z (ty) denotes the first time for Z. to hit [ty]. This means that 
we know the cost for the random walk to make a crossing in the speed l/-^a\(y). 
In particular, if -^a\{y) = 1 for some A, then the above is already quite close to the 
lower bound since such a A maximizes ot\(y) — A. However we do not know if this is 
the case in general since 

(1) it is hard to check the differentiability of ot\{y) and 

(2) it may happen that a' x+ (y)\ x =o = sup A > o4 + (y) < 1. 

To circumvent the first issue, we choose two differentiability points close above and 
below a maximizer of A i— > oc\(y) — A. Then, we let the walker move slower than 
needed toward an intermediate point and faster on the rest of the way to [ty] to 
achieve the expected speed, see Lemma 14.21 As for the second issue, we find a trap 
around [ty], that is, a region where the walker can spend time with relatively high 
probability. This is the content of Lemma 14.31 and it is here where we need the 
nestling assumption. 

1.2. Notation. For x = (xi, . . . ,Xd) in M. d , we write |x| := + ■ ■ ■ + . Open 
Zi-balls with center x £ M. d and radius r > are denoted by B(x,r) and closed 
balls by B(x,r). We write [x] for a lattice site with minimal Zi-distance from x 
chosen by some deterministic rule. Note that always \x — [x]\ < d/2. Similarly, let 
[A] := {[x]; x £ A} for each subset A C R d . 
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2. Lyapunov exponents 

In this section, we show Theorem 11.21 We start with the triangle inequality and 
integrability properties for a x . To this end, let H x (y) := mf{n > 0; X n = y} be the 
first passage time through y for the random walk (X n )^ =Q . Then 

H z (y)= T ^ x ^ 

m=0 

holds on the event {H x (y) < oo} = {H z (y) < oo} and hence by Fubini's theorem, 

f H x {y)~l \ 

ex P \ - ^ 9\,a(X m ) ?l{H x (y)<oo} 
I m=0 ) 



(2-1) 



e x (x,y,uj,a) = E a u 



Lemma 2.1 For any A > 0, x, y, z G Z d , u G f2 and o G X, 

(2.2) a A (x, y, u, a) < a\(x, z, u, a) + a x (z, y, u, a). 

Moreover, if d = 1 and x<z<y or y<z<x, then equality holds in (12.21) . 

Proof. Set H x (y) := inf{n > H x (z); X n = y}. Using the strong Markov property, 
we have 

eXP l ~ *A X n) \^{H x (y)<oo] 



(2.3) 



e x (x,y,u,a) > El 



n=0 



= e x (x, z, u, a) e x (z, y, u, a). 

By taking logarithm, this proves (12.21) . If d = 1 and x<z<y or y<z<x, then 
equality holds in (12.31) since the random walk (X ra )^ =0 has to go through z before 
reaching y. □ 

Lemma 2.2 Let A > and p > 1. Then a x (0, x, uj, a) G L d (P <g> P) holds for 
x G Z d . Moreover, the collection of random variables a x (0, x, a, u)/\x\, x G Z d \ {0} 
is uniformly integrable under P ® P and we have for all x G Z d , 



(2.4) 
where 



Ci(A)|x| < E(8)E[a A (0,x,w,cr)] < c 2 (X)\x\ 



Ci(A) := -logE[exp{-0 Ai<7(O )}], 
c 2 (A) := maxE[-loga;(0,e)] + E[0 A , ff 

|e|=l 



Proof. Let x G Z d \ {0}. By forcing the walker to follow a nearest neighbor path 
(0 = ro, ri, . . . , r m — x) from to x with minimal length m — \x\, we have 



m— 1 



e A (0, X, W, (T) > exp<^ - ^ 9\A r n) \ ] [ ^( r n, 7"n+l - r n)- 



n=0 



m—1 



n=0 
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It follows that 

a\(0,x,u,a) 



m—l 



m—l 



(2.5) 



< — -Y] logu{r n ,r n+1 - r n ) + — 6> A>(T (r n ) 



n=0 



n=0 



and hence a A (0, x, u, a) G L d (F ® P) by Assumption 11.11 (1). Moreover, Jensen's 
inequality implies that for any 7 > 0, 



E <g> E 



m— 1 



m—l 



(2.6) 



— y~] log u(r n , r n+1 - r n ) + — V" 6^(7^) 

n=0 n=0 

<-VE® E[(- logcu(r n , r n+l - r n ) + 6 x ,*{r n ) - 7)- 
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m—l 



n=0 



< maxE ® E[(-logw(0, e) + V (O) - 7)+]- 

|e|=l 



By (12. 5p and (12.61) . we have for any 7 > 0, 

a x {0,x,u,(r) 



lim sup sup E ® E 

A/-»oo x£Z d \{0} 



1 



\x\ 



{a A (0,x,o;,o-)/|x|>M} 



< lim sup sup < 7 P ® P 

M-Kx> a;GZ d \{0} [ 

+ E® E 
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a A (0, x, cu, a) 



> M 



a A (0, x, w, a) 



7 



< lim sup — c 2 (A) + maxE® E[(-logw(0, e) + # A , CT (0) -7)+] 

M-»oo M |e|=l 

= maxE g) E[(-logw(0, e) + # A>(T (0) - 7)+]. 

|e|=l 

Since logmin N=1 u;(0, e) G L X (P) and tr(0) G ^(P), E ® E[(- logw(0, e) + A)<7 (O) - 
7)+] tends to zero as 7 — > 00 for any e G Z d with |e| = 1 by Lebesgue's domi- 
nated convergence theorem. We thereby find that the collection of random variables 
a A (0, x, cu, a)/\x\, x G Z d \ {0} is uniformly integrable under P <g) P. 

Finally, we show ( |2.4p . The second inequality of ( |2.4p follows from ( 12.51) and (12. 6p 
by taking 7 = 0. To show the other inequality, we introduce for A > 0, u G f2, cr G S 
and x,y E the path measure 

^(^■):=eA(x,y,u;,a)- 1 exp^ ^ A , CT (X n ) I ! { ^ (?/)<oo} PJ(rfX.) 

I n=0 J 
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and denote its expectation by E^ a . In addition, let us define #A(x,X.) : = 
{X , . . . , X H x/ x )}. Since #A(x,X.) > \x\ P°-a.s., we get from Jensen's inequal- 
ity that 

ci(A)|x| <E®E[\ogE° x % !a [exp{ciW^A(x,X.)}} 
< E (g> E[a A (0, x, u, a)] + logE (g) E^ 



H E[exp{ Cl (A) - 9 x , a (y)}} 

yeA(x,X.) 



= E <8> E[a x (0,x,u,a)}, 

where the last equality is due to the choice of ci(A). This proves the first and second 
inequalities of (12 .41) . □ 

Now we are in position to prove Theorem 11.21 

Proof of Theorem 11.21 Given Lemma [27X1 and 12721 the proof goes in the same line 
as that of [HI Proposition 4] or [TP], Proposition 3]. Namely, we first prove (II. II) by 
using the subadditive ergodic theorem. Then ot\(qx) = qa\(x) follows for q G N 
and x G 7L d by stationarity. Finally, we extend ot\(-) to Q d by a\(x) = a\(x)/q and 
then to M. d by continuity. The properties of a\ as a function of A follows by that of 
Q\,a(x)- See the above references for details. □ 

3. Shape theorem 

Our goal in this section is to prove Theorem II .31 which is called the shape theorem, 
and to derive its generalizations. To this end, we recall the next lemma which plays 
the role of the maximal lemmas of random walk in a nonnegative random potential 
and random walk in random environment. The proof is the same as that of P, 
Lemma 7] or [101 Lemma 6] and we omit it. 

Lemma 3.1 For each A > 0, there is a positive constant 03(A) such that the following 
holds P(g>P-a.s.: for any e G Qfl(0, 1) there exists a positive number R = R(X, e, u, a) 
such that 

(3.1) sup{d A (N, [j/],w,<7);y G R d , \x - y\ < e\x\} < c 3 (A)e|x| 

holds for all x G M. d with |x| > R. 

Proof of Theorem 11.31 Given Lemma [3. 11 one can prove P ® P-a.s. convergence 
by the same strategy as in [9j Theorem A]. Then L 1 (P® P)-convergence follows 
from P <g) P-a.s. convergence by uniform integrability provided by Lemma [2.21 □ 

We next consider a generalization of Theorem II .31 for point-to-set distances instead 
of point-to-point distances. Let us define e\(x, K, u, a) for a nonempty subset K C 
R d as in ([271]) but H x (y) replaced by H X (K) := inf {H x (y); y G K}. Furthermore, 
we write a\(x, K, cj, a) for —\oge\(x,K,u,cr) and denote the distance between x 
and K by dist(x, K) := inf{|x — y\;y G K}. Given Theorem 11.31 one can prove the 
following corollary by the same way as [9j Corollary 16]. 
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Corollary 3.2 Let A > and (K n )™ =1 be a sequence of subsets of M. d such that 
K n ^ and dist(0, K n ) — > oo. Then, 

a x (0, [K n ],L),a) - mf xeKn a x (x) 

Iim = 

dist(0,K n ) 

P ® P-a.s. 

Let us finally extend Theorem 11.31 to a directionally uniform version. The shape 
theorem will be used to relate crossing costs to the Lyapunov exponent in the proof 
of the large deviation lower bound. However, Theorem 11.31 does not suffice as it is. 
As we explained in the introduction, we shall divide the crossing into two pieces and 
for the second piece, we need a shape theorem with moving starting points. 

Corollary 3.3 Let x e Q d \ {0} and suppose that pi, p 2 G R satisfy < p\ < /Cy- 
linder the assumption of Theorem 11.31 the following holds P (g> P-a.s.: for all A > 

and all sequences (x n )^ =1 of R d with x n /n — > x, 

,. a x ([pix n ],[p 2 x n ],uj,a) - (p 2 - pi)a x (x n ) 
iim = 0. 

Proof. By the continuity of ot\(-), it suffices to prove that P ® P-almost surely, 

,. a x ([pix n ],[p 2 x n ],uj,a) 

(3.2) hm = (p 2 - Pi)a x (x) 

n-s-oo n 

holds for all A > and all sequences (x n )^ =1 of R d with x n /n — > x. Thank to 
Lemma 12.11 and Theorem 11.31 we know that the lower bound 

liminf -a x (\pix n ], [p 2 x n },u,cr) 

n— >oo n 

> liminf -(a x (0, [p 2 x n ] , u, a) - a x (0, [piX n ], u, a)) 

n— too Tl 

= (p2 - Pi)a x (x) 
is valid. To show the upper bound 

(3.3) limsup -a x ([pix n ], [p 2 x n },u,a) < (p 2 - p 1 )a x {x), 

n— >oo Tl 

note that we have for K EN with Kx e Z d , 

[p 2 n/K\-l 

a x ([pinx], [p 2 nx], lo, a) < a x (mKx, (m + l)Kx, u, a) 

(3.4) m=\ Pl n/K~} 

+ a x ([p 1 nx), \p 1 n/K~\Kx,u,a) 
+ a x ([p 2 n/K\Kx, [p 2 nx], u, a). 
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by Lemma [2. 11 Birkhoff's ergodic theorem shows that 



[p 2 n/K\~l 



lim — a x (mKx, (m + l)Kx, u, cr) 



P2 ~ Pi 

K 



E <g> E[oa(0, Kx, oj, cr)] 



m=\p\n/K~\ 

holds P <S> P-a.s. On the other hand, we know that for any e G Q (1 (0, 1) and 
sufficiently large n, 





' Pin 


Kx 




[pinx} - 


< 




K 







Pin 
~K 



Pin 
~K 



K\x\ 



< | [piTlx] — PiUx\ + 

< | + K\x\ < e\[pinx\\ 

for i — 1, 2. Thus we can apply Lemma r3.ll to show that P ® P-a.s., the sum of the 
second and third terms of the right-hand side of (I3.4p is smaller than 

dx([pinx], \pin/K~\Kx,oj,a) + d x ([p 2 nx], [p 2 n/K\Kx,u,a) 

< c 3 (X)e(\[pinx}\ + |[p 2 nx]|). 

It follows that 

lim sup — a\ ( [p\nx] , [p 2 nx] ,u,a) 

n— >oo n 

< P2 T Pl E ® E[a A (0, Kx, u, a)} + c 3 (A)e(pi + p 2 ) \x\ 
K 

and therefore letting e \ and K — > oo, we obtain from Theorem 11.21 that 
(3.5) limsup —a\([pinx], [p 2 nx],tu, a) < (p 2 - pi)a x {x) 

n— >oo Tl 

holds P eg) P-a.s. Using Lemma [2.11 we have 

a x ([pinx], [p 2 nx},u,a) - a x {[piX n ], [p 2 x n ],uj,cr) 

< a x ([pinx], [pix n ],a;,cr) + a x ([p 2 x n ], [p 2 nx],u),a) 

< d x ([pxnx], [pix n ],u,a) + d x ([p 2 x n ], [p 2 nx], u, a), 

and similarly 

a x ([pxnx], [p 2 nx],uj,a) - a x ([pix n ], [p 2 x n ],uj,a) 
> -d^pxnx], [pix n ],w,cr) - d x ([p 2 nx], [p 2 x n ], u, a). 
Furthermore, we have for e e Q n (0, 1/2) and sufficiently large n, 

\\pinx] - [piX n )\ < 2e\[pinx]\, i = 1,2. 
Lemma 13.11 thereby implies that 

limsup -\a x {[pinx\, [p 2 nx], u, a) - a x {[pix n ], [p 2 x n ],u,a)\ 

n—Kx> n 



< limsup -(d x ([p-Lnx], [pix n ], u, a) + d x ([p 2 nx], [p 2 x n ], u, cr)) 



n 
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< 2c 3 (A)e(p 1 + p 2 )|x|. 

holds P (g) P-a.s. This together with (I3.5P proves (13.31) since e is arbitrary. □ 

Remark 3.4 Zerner proved a stronger version of shape theorem and used it to prove 
the large deviation lower bound in [ID]. We find difficulty in proving a shape theorem 
in such a general form. Note that our Lyapunov exponent can be regarded as a 
mixture of those in [9J and [TDJ and in the former paper, the uniform shape theorem 
requires some assumptions. Our strategy, using the above directionally uniform 
shape theorem, dates back to Sznitman's work on large deviations for Brownian 
motion in Poissonian obstacles [7]. 

4. Large deviation estimates 

Our goal in this section is to show Theorem [EH We prove upper and lower bounds 
of Theorem 11.41 in Subsections 14.11 and 14.21 respectively. 

4.1. Upper bound. In this subsection, we prove the upper bound (11.31) of Theo- 
rem 11.41 Let us first mention some properties of the rate function /. We denote the 
essential domain of the rate function / by T>i, that is, T>i := {x G M. d ; I(x) < oo}. 
It is easy to see that / is convex on M. d , lower semicontinuous on T>j and continuous 
on the interior of T>j. Furthermore, by Theorem 11.21 

(4.1) < I(x) < \x\ maxE[-logw(0,e)] 

|e|=l 

holds for all xeM. d with \x\ < E[/ °° s a (ds)]'\ 

Proof of the upper bound (11.31) in Theorem II. 4L Let us first show that 

(4.2) lim lim sup- log P° ff 0Z" t £ tB(0,R)) = -oo. 

holds P ® P-a.s. We have for any A, t > and subset K C M. d , 

P^(Z t £ tK) < exp{\t}E^[exp{-\t}l {H z {[tK]) < t} ] 
< exp{At} ca(0, [tK], cj, a), 
and hence Corollary 13.21 implies that 

lim sup \\ogP® a (Z t G tK) < lim sup (A - ^loga A (0, [tK],cu,a)) 

(4.3) t->oo t t^oo \ t J 

= A — inf a(x) 

x£K K ' 

holds P ® P-a.s. It follows from Theorem 11.21 that we obtain P ® P-a.s., 
limsupilogP° CT (Z t &iB(0,R)) < - mf (a x (x) - A) 

t^oo t x£B(0,R) c 

<- mf (|x|(-logE[exp{-0 v (O)}])-A) 

x£B(0,R) c 

< — i?(— logE[exp{— ^a, ct (0)}]) + A, 
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which proves H4.2[) by letting R — > oo. 

Now we show the upper bound (11. 3ft . It suffices to consider compact A C M. d 
thanks to (14.21) . Moreover, we may assume G" A since mi x£ Al( x ) = if G A by 
( 14. ip . For every 8 > we introduce the 5-rate function I s as 

I s (x) := (J(x) - 8) A - 

o 

and set 

A x (8) := \y G A; a x (y) - A > inf I 5 (x) - 5} 
for each A > 0. Applying ( 14.31) for K = A\(5), we obtain from Corollary 13.21 that 
limsup - logP° ff (Z t G tA x (S)) < A - inf a{x) < 8 - inf I s (x). 

t->oo t ' zeA A (5) zgA 

Since A = Ua>o ^a(^) an d ^ is compact, there are A» (1 < % < m) such that A Xi {8) 
(1 < % < m) cover A. Thus, for any 5 > 0, 

limsup- log P° (Z t G tA) < max limsup - log P° (Z t G M Ai (5)) 

t^oo C \<i<m t ^oo t 

<<5- inf I s (x). 
~ xeA 

Since lim^o mi xe A I s (x) = inf x€j 4 /(x), the upper bound (II .3p follows by letting 
8\0. □ 

4.2. Lower bound. In this subsection, we prove the lower bound (11. 4ft of Theo- 
rem 11.41 Let us start with the following lemma. 

Lemma 4.1 Let x G Q d \ {0} and assume that pi, P2 G M. satisfy < p\ < p 2 . Then 
the following holds P tg) P-a.s.: 

(4.4) Urn (tpkfi. € (7l , 72 )) = ! 

V (P2 - Pi)* / 

for all sequences (x t )t>o of M d with x t /t — >■ x as t — >■ oo and all A > 0, 71, 72 G K 
satisfying 

(4.5) 0<li<a' x+ (x)<a' x _(x)< l2 . 

Proof. Corollary 13.31 implies that P (g) P-a.s., for x, pi, p 2 , (a^)i>(b A, 71, 72 as above 
and /i G (0, A), 

limsup \\ogP [ x p ^ x \H z {[x t ]) > (pj, - Pl ) 72 t) 

= (P2 - Pi)«a(«) 

+ limsup 1 log^^l [exp{(-A + p)H z ([p 2 x t })} ex P {-pH z ([p 2 x t ])} 

X ^{H z ([p 2 xt])<oo, H Z ([p 2 X t ])>(p2-pih2t}] 
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< (p2 ~ Pi)ax(x) - n(p 2 - Pi)72 - (p2 - pi)ot\-p(x) 
( a x (x) - ax-^x) 

= KP2 - Pi 72 

V V 

It follows from (14.51) that the most right-hand side of the above expression is negative 
for p small enough. Since the corresponding statement can be proved for the event 
{H z ([x t ]) < (p2 — Pi) Jit} in the same manner, we have (14.41) . □ 

Proof of the lower bound ( 11.41) in Theorem 11.41 It suffices to show that P ® 
P-a.s., 

(4.6) liminf-logP^^ G tB(z,r)) > -I(z) 

t— >oo t ' 

holds for all z G Q d \ {0} n £>/ and < r G Q. To prove this, let us define 

Aoo := sup{A > 0; a' x _{z) > 1}, 

with the convention sup0 = 0. It is easy to check that I(z) = ax m (z) — A^ in the 
case Aqo < oo, and I(z) = lim A ^ QO (aA(-2) — A) otherwise. We first treat the case 
Aoo < oo. By the concavity of a x (z) in A, we can find sequences (7^)^=1 > (^n)^Li an d 
(X n )^ =1 such that 

• if a' x _(z) < 1 for all A > 0, then a' x (z) exists, \ n — > and 

7n:=<(,)(l--), 6 n :=al(z)(l+ ^— J < 1, 

• otherwise, X n — > Aqo, 1 — 2/n G [a' x + (z), a' x _(z)] and 

7„ := 1 , n := 1 . 

n n 

Observe that for the above sequences, we have 

(4-7) ( 7 nA)nK + (z),<_(z)]^0. 

Now recall that Assumption II . 11 - (2) is equivalent to the following (see [TO} Proposi- 
tion 8]): for all e > there is some R(e) > 2 such that 

(4.8) P(^°PG?(e) = 0) > e~ eR U) > 0. 

We choose R(e) > satisfying <$~E§ for e > and fix 5 > with P(0i, CT (O) > 8) > 0. 
Then, for y G (2R(e) + l)Z d 

$ (y,e) := \(u,a) : P^(X R(e) = y) > e"^, min li<T (z) > s\. 

K x£B{y,R(e)) J 

has strictly positive P ® P-probability and independent for different y's. Let y t = 
yt(e,u,a) G (2i?(e) + l)Z d be a vertex with minimal distance from [tz] such that 
(cj,ct) G $0(2/*)^). A simple application of the Borel-Cantelli lemma shows that 
P (g> P-a.s., these y t exist and satisfy 

(4.9) \tz-y t \ < 2(logt) 2 
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for all sufficiently large t. Let us introduce some more notations. Denote 

( fc-i 

T n x (e, t) := infl k > 0; ^ r m (X m ) > 7n t, X k = y t 



m=0 



and 

T„(e,t) := inf{s > 7ri t; Z s = y t } = ^ r m (X m ). 

m=0 

We then define the random variable 

b n (e,t,u,a) := - log£° CT [exp{-A n T n z (e, t)}l {T z (M)<(U} ] 
and the event 

A!(n,e,t) := {(X,r) : Z a+r * (M) e B(y t , R(e)) for all s G [0, (1 - 7n )t]}. 
Now, the left-hand side of (14.61) is greater than 

A n7n + hmmf - log£° CT [exp{-A n T,f (e, f)}l{T*( e 

since B(y t , R(e)) C tB(z,r) for sufficiently large t by (I4.9|) . The strong Markov 
property shows that the above expression equals to 

1 i 00 ~ 

(4.10) A n7n -limsup -&„(*, e, w, <r)+liminf - log VP^(A 2 (n,e,t,f)), 

where A 2 (n, e, £, £) is the event defined as 

{i-x i 
(X, r) : ^ r m (X m ) < (1 - ln )t < 
^ 7m (X m ), 
m=0 m=0 

X m e B(y t ,R(e)) for all m e [0,^-1] J. 

To control the second and third term of (14.101) . we use the following two lemmas. 
Lemma 4.2 For any e > and n > 1, we have P £g> P-a.s., 

lim -b n (e,t,u),a) = a Xn (z). 

t— >oo t 

Lemma 4.3 For any e > and n > 1, we have P £g> P-a.s., 

1 °° ~ 2e 

(4.11) hminf -log V^(A 2 (n,6,M)) > --. 
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Let us postpone the proofs of these lemmas to the end of this subsection. It 
follows from Lemma 021 EE2 and (14~TUD that P <g> P-a.s., 

lim inf - logP° (Z t G tB(z,r)) > \ n ^ n - a Xn (z) - 

which completes the proof of (14.61) in the case Aoo < oo by letting e \ and n — > oo. 

We next treat the case = oo. In this case, a' x _{uz) = ua' x _(z) < 1 holds for 
all u G Q fl (0, 1) and all sufficiently large A. Moreover, for u G (0 V (1 — r/\z\), 1) 
we pick < r'(u) G Q with B(ux,r'(u)) C B(x,r). Applying the same argument as 
in the case A^ < oo and using the convexity of the rate function /, one can show 
that 

limmfylogP"^ EtB{z,r)) 

> lim inf ~logP° G tB(pz,r'(p))) > -I(pz) > -pl(z) 

holds P ® P-a.s. This proves (14.61) by letting p /* 1. □ 

We close this section with the proof of Lemma 14.21 and 14.31 

Proof of Lemma 14.21 Note that b n (e,t,u,cr) > a Xn (0, yt, u), a) since H z {y t ) < 
T^it). Theorem 11.31 hence implies that we have P® P-a.s., 

«a„ (z) < lim inf -b n (e, t, u, a) . 

t— >oc t 

It remains to show that 

(4.12) lim sup jb n (e,t,uj,a) < a Xn (z) 

holds P ® P-a.s. Thanks to (14. 7p . we can pick p G (0, 1) and r\ > such that 

pa' Xn+ {z) + (1 - p)a'x n -(z) + [-77,77] C (7n AO- 
Setting £ t := [pyt], we know from the choice of p and rj that Zjf(t) < S n t holds on 

A 3 (n, e, t) := I (X, r) :- ^ r ™( X «0 e "L+W + h»7, ^ 



pt 



—— Yl T m(X m ) G a' Xn _(z) + [—77,77] 



It follows from this and the strong Markov property that 
<Jexp{-A n T n z (e,t)}l {T z ( 

e,t)<S„t}\ 



>P°, 



Hf t {y t )-X 



exp<( -A n T m {X m ) ^l\ 3 (n,e,t) 

m=0 
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= E l,a [ eX P{- X nH Z (£ t )}l{HZ(Z t )/(pt)ea> Xn + (z)+{-ri, V ]}] 

X E J,a [ eX P{~^-^ Z (^)} :I1 -{H z fe i )/((l-p)t)ea' An _(2)+[-r?,r ; ]}] ■ 

Let Hi and /i 2 be such that < Hi < \ n < /i 2 and a' Xn+ (z) — 77 < a' + (z) < 
<y' fl2 _(z) < a' Xn _(z) + r/. Then the most right-hand side of the above expression is 
bigger than 

x exp{-(A n - /i!)K n „(z) + r/)(l - p)t} 
x e^ u y u u,a)P^ a (^-^ t E a' x _(x) + [-77,77]). 
We thereby obtain for t > 0, 

-b n (e,t,u,a) < -a A2 (0,^,w,or) - -\og Pjj*, J * E a' K+ (z) + [-77, 77] J 
+ (\ n - pi)(a' Xn _(z) +77) + -a Al (£i,y t> w,<7) 

Note that we have y t /t — > z from (14. 9ft . Therefore, applying Corollary 13.31 and 
Lemma fl~Tj we get P C*D P-a.s., 

limswp-b n (e,t,u),a) < pa^ 2 (z) + (A n - /ii)(a' Xn _(z) + 77) + (1 -p)a m (», 

t— >oo t 

which concludes (14.121) by letting /ii f - X n and /i 2 \ A n . □ 

Proof of Lemma Let L(n,t) := [2t/5\ + l. If E^" 1 r m (X m ) >5L(n,t)/2, 
then Emi> T m (X m ) > (1 — 7n)^ holds for all £ > L(n,t). Thus it follows that 

00 

1=0 

L( n ,t)~i / e-i e 

f=0 \m=0 m=0 

L(n,t)-1 

r m (X m ) > -L(n,t), 
X m E B(y t , R(e)) for all m E [0, L(n, t) - 1] 
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'L{n,t)-l 



P %A E r m (X m )>-L(n,t),X k eB(y t ,R(e)) for alike [0,L(n,t)-l] 



m=0 



'L{n,t)-1 



E T m (X m )>-L(n,t))l {Xk€B{v 



t,R(e)) for all k e [0,L(n,t) - 1]} 



m=0 



On the other hand, the choice of y t and Chebyshev's inequality show that 



'L(n,i)-1 



5 



m=0 



L(n,t)-1 
exp<| - ^ T m(Xm) 



m=0 



L(n,t)-1 

> 1 _ e W*Wn,t) Y[ exp{-6 ha (X m )} 

> 1 _ e -(S/2)L(n,t) 

uniformly in paths (X n )^L with X m G B(y t ,R(e)) for all m G [0,L(n, t) — 1]. It 
follows from ( 14. 8 p that the left-hand side of ( 14. lip is bigger than 



hminf i(log(l- e -W 2 )^) +\ogP*(X R(e) = y t ) 
> liminf ( - logfl — e~ 



L(n,t)/R(e) 



(S/2)L(n,t)\ _ 

' 5 



2e 
7' 



Since 5 is fixed and e is arbitrary, this proves the lemma. 



□ 



5. First passage percolation 

In this section, we relate our Lyapunov exponent to the so-called time constant of 
a first passage percolation in the limit A — > oo. This will be used in the next section 
to study the asymptotics of the rate function. Throughout this section, we assume 
that for some deterministic function L(A) with liniA^oo L(X) = oo, 

(5.1) lim = Q a (z) G (0, oo) exists P-a.s. 

As the following examples show, this is a rather restrictive assumption. 

Example 5.1 Let us denote the distribution function of cr(0) by F a . 

(1) If inf suppa(O) > for each a, then (Ol) holds with L(A) = A. 

(2) If for each a there is 7(0") such that Yim^ F a {x) / x 1 ^ 7 ' G (0,oo), then (15. 2p 
holds with L(X) = log A. This includes the case where all {c x } xe z d are 
exponential distribution, which is sometimes called the "random hopping 
time dynamics". 
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(3) If x 7 ^ in the previous example is replaced by a; 7 ^ (log x) 5 ^ with some 
non-constant 5(a), then (15.21) fails to hold. 

(4) If there exists 7 > such that — lim^o \ogF a (x) / x' 1 G (0, 00) for each cr, 
then (JOJ) holds with L(A) = 

(5) If there exists cti and cr 2 such that logF CT1 and \ogF a2 vary regularly as x — > 
with different indices, then (15.21) fails to hold. 

These are well-known facts in the Tauberian theory, see pQ. □ 

For given positive i.i.d. random variables {£,(z)} z ez d , we define the passage time 
of a nearest neighbor path r = (ro, r%, . . . , r n ) as 

n-l 

T(r,0:=X)*( r ')' 

where the right hand side is set to be if n = 0. The travel time from x to y is 
defined as 

T(x, y,£) := inf {T(r, £); r is a path from x to y}. 

It is shown by Cox and Durrett [2] that there exists a deterministic norm such 
that 

1 



(5.2) 
for all x Ell 1 . 

Proposition 5.2 For any x G 

(5.3) 



lim — T(0,nx, £) = ^f(x) in probability 

n— >-oo 77, 



a A (x) 



L(X) 



u e (x), A 00. 



Proof. It suffices show the assertion only for x G Indeed, since both a\ and vq 
are homogeneous, it extends to Q d and then to M. d by continuity. Now for x G 
we estimate the difference as 



ctx(x) 



L(X) 



u e (x) 



< 



ot\(x) <2a(0, nx, oj, a) 



L{\) nL{\) 
a\(0,nx,u,a) 1 



(5.4) 



nL(X) 



11 



T(0,nx,6 x , a /L(\)) 



+ 



71 



T(0,nx,0x,*/L(X)) - vo / L (\)(x) 



+ \ve Kv /L{\){x) - u e (x)\ , 

where n G N. Note that for any fixed A > 0, the first and second terms converge to 
in probability as n — > 00. We also know that the fourth term in ( I5.4p tends to as 
A —7- 00 due to our asumption (15 .ip and the continuity of the time constant shown 
in Theorem 6.9 in [4]. 
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The following lemma gives a control on the second term. 

Lemma 5.3 For any e > 0, there exists A > such that for all A > A, 

a x (0, nx, cu, a) 1 



(5.5) 



lim sup P <S> P 



nL(X) 



n 



■T(0,nx,6 x , a /L(X)) 



>€]<€. 



Proof. Since one of the bound 
a x (0,nx,u,cr) 1 

(nx)<oo}\ 

>T(0,nx,6 x , a /L(X)) 
is trivial, we have only to show that for any e > 0, 



P® P 



a x (0, nx, to, a) 1 

' < -T O, nx, yi A + e > 1 - e 
nL(X) n 



when A and n are sufficiently large. To this end, we first pick a path r = {r m }^}=Q 
from those paths connecting and nx and satisfying 

(5.6) T(r, 6 X JL{X)) < T(0, nx, 9 x>a /L(X)) + 1 
by some deterministic rule. 

Lemma 5.4 For any x G Z d , there exists a constant c x > such that 

(5.7) lim P (N(r) < c x n) = 1, 

n— >oo 

where N(r) is the length of the path r picked above. 
Proof. Note first that 

lim P{T{0,nx,6 x ^/L(X)) < 2u@(x)n) = 1 

by (15.21) and the continuity of the time constant. Hence 

lim sup P (N(r) > cn) < lim sup P (T(r, B X ^/L{X)) < 2u e (x)n) 

n—>oo n—>oo 

(5.8) 



< 



limsupexp < 2ue(x)n + logE[e' 



m=l 



This right-hand side is if c > -2z/ (x) inf A > logE[e" 6 ' A ' CT(0)/L(A) ] 
By using the above path r = (0 = r ,r 1 , . . . , rjv(r) = nx), 
a x (0, nx, oj, a) 



□ 



nL(X) 



< 



nL{X) 



log^ 



H x (y)-1 



exp< 



-A °( X rn)\^ 



m=Q 



{{X m )ltl=r} 
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< -T(0,nx,9 x>(7 /L(\)) + - + 



ii 



n L(X) 



m=0 



\ogu(r m ,r m+l -r m ) 



n 



Since the last sum is bounded with high probability, that is, 

/JVW-i _i oga; ( r r _ rm ) 
hm P > < 2c x E - logmaxwfO, e) 

n->oo I ^-^ n |e|=l 

\ m=0 



by Lemma I5~l4l and the weak law of large numbers, we obtain the desired conclusion. 

□ 

To complete the proof of Proposition 15.21 pick an arbitrary e > and take A > 
so large that \vq x ct /l(a)(^) — vq(x)\ < e and Lemma 15.31 hold. Then we know that 
the events 



«a(^) Oa(0, nx, u, a) 



L(A) nL(A) 
Oa(0, nx, w, cr) 1 



< e 



nL(X) 



n 



T(0,nx,9 Xta /L{\)) 



< e 



a 



n 



T(0,nx,9 x ,a/L(X)) - V0 K<T / L {x){x) 



< e 



have probability tending to 1 as n — > oo. In particular, we can find (u, a) belonging 
to all the events above and substituting it into (15.41) . we obtain 

a x (x) 



L(A) 



u {x) 



< 4e. 



□ 



6. ASYMPTOTICS OF THE RATE FUNCTION 



In this section, we discuss asymptotics of the rate function as x — > oo and x — > 
in some special cases. 

We start with the case x — > oo. Let 



A*(x) = inf < A > : L(X)u e (x) - A = sup(L(A)z/ e (x) - A) 

I A>0 

with the convention inf = oo. 

Proposition 6.1 Suppose that the same assumption as in Proposition 15.21 holds. 
In addition, assume that A*(x) < oo for any igR^ and 

(6.1) 

Then for any x G M. d , 



lim L(\*(ix))ve(£x)/\*(ex) > 1. 

s-oo 



(6.2) 



I(£x) = sup(L(\)£v e (x) - A)(l + o(l)) 

A>0 
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as £ — > oo. 

Proof. Note that X*(£x) — > oo as £ — > oo. On the other hand, we know from 
Proposition 15.21 that a\(x) = L(A)z/(x)(l + o(l)) for some S(\) — > as A — > oo. 
Combining these two facts and using (16.11) . we obtain 

I(£x) >a x * iex} (£x)-\*(£x) 

= L{\*{£x))£vq{x){1 + o{\))) - \*{£x) 

= (L(X*{£x))£u e (x) - X*(£x))(l + o(l)) 

as £ — > oo. This proves the lower bound in (I6.2p . To prove the upper bound, fix any 
e > 0. Then by the same reasoning as above, for sufficiently large £, we have 

sup(a x (£x) - A) < sup((l + e)L(\)£v e (x) - A) 

A>0 A>0 

and the right hand side is bounded from above by (1 + 2e) sup x>0 (ce\(£x) — A). □ 
Using the above proposition, one can see that in the situation of Example 15.11 (2). 
I(£x) ~ £u e (x)(\og(iu e (x)) - 1) as £ -> oo 
and in that of Example 15.11 (4). 

I(£ X ) rsj —L- ( — Y — V (£v e ( x )) 1+1 as £ -> oo. 



1 + 7 V.l + 7, 

Example 15.11 (1) does not fall within the scope of the above proposition but it is 
easy to see that I(x) = oo as soon as ^e(x) > 1. 

Let us turn to the case x — > 0. We only consider the Simple Random Walk with 
Random Holding Times, i.e. cj(x, e) = for all x G Z d and |e| = 1. This is of course 
very restrictive but it seems rather not reasonable to expect a unified result under 
the general setting as the large deviation of RWRE exhibits rich phenomena. For 
example, if a nestling RWRE satisfies the law of large numbers with nonzero speed 
v, then the rate function is zero on the line segment connecting the origin and v. 

Proposition 6.2 Assume cu(x, e) = for all ieZ d and |e| = 1 for P almost every 
oj. Then 

(6.3) I(£x) = [/ °° sa (ds)] £ 2 \x\ 2 (l + o(l)) as £ 0. 

Proof. Our ot\ is nothing but the quenched Lyapunov exponent of Green's function 
with the random potential 6 a ^\ (cf. [9]). It follows from our assumption J °° sa (ds) £ 
L d (P) that 

/•oo 

A _1 ^ (T ,a(0) -> / sa (ds) as A ->■ 
Jo 

P-a.s. and in L X (P). This verifies the assumption in Theorem 4 of [5], which tells 
us that 



(6.4) a x (x) = J2d\E [f™ sa (ds)] \x\{l + o(l)) as A ->• 0. 
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From this asymptotics, one can deduce (I6.3P by the same way as for Proposition 16. 11 

□ 
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